A cube is used as a fair die of 6 faces. However, there are many dice of different shapes on the market. To make them fair, most of them usually have some symmetric shapes. We here classify these variants of dice on the market into two groups. We first consider that a sphere as a model of a fair die with ∞ faces. Based on this model, many symmetric shapes can be modeled as dice obtained by caving spheres. We also have a familiar fair device; a coin. That is, a fair coin can be seen as a fair die with 2 faces. However, a real coin has a thickness, and hence it is, in fact, an unfair die with 3 faces. From this viewpoint, we propose a way for designing a fair die with n faces for arbitrary n.
Introduction
Dice have a long history, and it is uncertain where they originated (see Wikipedia [1] ). Usually, a cube is used as a fair die of 6 faces. The main reason is that each face of a cube is symmetric, and hence we can conclude that it is fair. The fairness of a die is the most important property, of course. Intuition tells us that the solid has some symmetric shape, and it can be used as a fair die. For example, regular polyhedron can be used as a fair die. Therefore, nowadays, there are many kinds of dice based on regular and semi-regular polyhedron on the market (see Figure 1) . Unfortunately, however, the possible number of faces is limited when they are based on regular and semi-regular polyhedron since the kinds of (semi-)regular polyhedra are limited (see Wikipedia [1] ). In this paper, we consider two design schemes for designing a fair die for any given number n. We first consider a sphere of uniform density as an ideal fair die. When you toss a sphere, it will eventually halt at any point with uniform distribution. That is, a sphere can be considered as a fair die with ∞ faces. We first discuss a scheme for designing of a fair die with finite faces from a sphere.
We now turn to the other well-known fair device; a fair coin. In the real world, a coin is frequently used to decide one out of two choices. That is, when we toss a coin of uniform density, we consider that the probabilities of head and tail are equal. However, a coin has another side out of head and tail in the real world. Namely, if a coin is thick enough, the probability that side appears (or coin stands on its edge) cannot be avoidable.
This thick coin problem had been investigated in the area of probability. In [2, Problem 38], Mosteller asks how thick should a coin be to have a 1/3 chance of landing on edge. He assumed that the coin would slowly settle to its side or its face and investigate its outscribed sphere to compute the probability. However, this mathematical model does not work in the real world. Sugihara had computed the probability of each face of a standard die according to this model 1 , on the contrary, real experiments with dozen thousands of dice (in a TV show) did not fit his evaluation [4] .
Later, the thick coin problem has been investigated in the area of physics. In [3] , Yong and Mahadevan mentioned that the mathematical model (they call "geometric model") does not explain the real phenomenon when a thick coin is really tossed. Based on experiments, they propose a "dynamic model" which gives us a better model of a thick coin to produce probability 1/3 for each case. They also analyze their dynamic model and conclude with a certain model. Now, we turn to the design problem of a fair die of n faces. We imagine two extreme coins. When it has thickness 0, clearly, the coin has no chance of landing on edge. On the other hand, if the coin has a quite huge thickness, like a colored pencil, it is certain that the coin lands on edge, or it never stands on its face. Therefore, for any given integer n, we should have a reasonable thickness t(n) that gives a fair thick coin that stands on its face with probability 2/n with t(3) < t(4) < t(5) < · · · . This argument holds for an (n − 2)-prism. That is, if (n − 2)-prism has thickness 0, or just a flat regular (n − 2)-gon, it has no chance of landing on edge. In contrast, if the (n − 2)-prism is quite long, like a pencil, it certainly works as a die of (n − 2) faces. Therefore, for any given integer n ≥ 3, we should have a certain thickness t (n) of (n − 2)-prism that is a fair die of n faces, with t (3) < t (4) < t (5) < · · · . We first applied the dynamic model in [3] for larger n and designed a fair die with n faces. Unfortunately, however, we found that this model did not fit experimental results for large n > 4. In fact, we found two dice of faces 5 and 7 based on the same idea ( Figure 2 ), nevertheless, one of them is not fair. We tossed 100 times and obtained head/tail 51 times for the die of face 5, which is bigger than the expected value 40. On the other hand, we obtained head/tail 28 times out of 100 for the die of face 7, which fits the expected value 200/7 = 28.6. We have not yet succeeded to analyze the reason. In fact, the reason why the die of face 5 is not fair may be the rounded corners. As mentioned by Sugihara [5] , the center of gravity has a tendency to get out of position by rounding corners.
From the experiments, we observe that when n is bigger, the think coin becomes longer like a log, and it rolls when it is tossed. This rolling log phenomenon seems to be the main reason why the probability that the log stands on its face is much smaller than the one computed by the dynamic model. We will show a case study for n = 13 to design a fair die with 13 faces based on experiments.
It is worth mentioning that, from a practical point of view, when we admit "redundancy" to a die, there are two simple ways for designing a fair die as follows ( Figure 3 ): Double Face Method: When we allow that a die has two or more faces of the same pip, there is a simple solution. For any integer n > 2, n-gonal bipyramid can be used as a fair die when each number i with 1 ≤ i ≤ n appears twice on faces. In this paper, we consider this solution is not satisfactory since half faces are redundant.
Unused Face Method: As a hexagonal pencil can be used as a die with 6 faces in elementary schools, the n-prism can be used a fair die. However, from a theoretical viewpoint, it has a positive probability that the pencil stands up on its end. To avoid this, we can sharpen both sides of the pencil. In this time, the pencil cannot stand up on the end since it is now just a point of area 0. However, in this case, around the point, we have some surface area of the pencil that will never be used as a face of the die. In this paper, we consider such a surface area redundant.
Sphere Model and its Variants
In this section, we propose a fair die model based on a sphere of uniform density as an ideal fair die. We consider a sphere is a fair die with ∞ faces. Based on this model, we can consider a die obtained by the following procedure is fair for a given n > 1;
• Put n points p 1 , p 2 , . . . , p n on a surface of sphere P "uniformly", which is defined by the following conditions in this procedure.
• For each p i , we plane the surface of P around p i to obtain flat face f i that contains p i such that (1) the center of gravity of P is not changed, and (2) |f i | = |f j | holds for each i = j, where |f i | is the area of f i on P .
When we plane until the original convex surface of P is removed, the dice based on regular polyhedron in Figure 1 can be explained by this model. Each die based on semi-regular polyhedron also can be explained by this model by attaching some pyramids glued on a surface of a regular polyhedron properly and symmetry. From this viewpoint, we can consider that the design of a fair die of n faces is an application of the Voronoi diagram (the details of Voronoi diagram are omitted here) on a sphere. That is, we arrange n Voronoi points p 1 , p 2 , . . . , p n on sphere uniformly in the sense that (1) each Voronoi region has the same area, and (2) each Voronoi point is placed on the geometric center of each Voronoi region. If we can find this uniform distribution of n points on a sphere, by planing a bit (to not change the center of gravity of P ), we will obtain a fair die of n faces. This problem had been investigated a long time in geography and geometry, and some computer programs are available (see, e.g., [6, 7] ).
On the dice with 100 faces on the market, there are two different types (Figure 4) . The left one in Figure 4 has two special numbers 1 and 100, which correspond to two special flat faces that are larger than the other. Therefore, we can conclude that this die should not be fair (as mentioned in Wikipedia [1] ). On the other hand, the right one in Figure 4 can be explained by our model; each p i has a dimple of the same size, and the arrangement of these dimples is symmetric, which guarantee that the center of gravity of P is not changed 2 . Therefore, we can conclude that this die is fair. This fair die reminds us a golf ball. We mention that the designing of a fair die with many faces has an application to the designing of a good golf ball. Note: After preparing this draft, we found that some dice designed based on the same idea in this section are on the market. See http://mathartfun. com/d357.html for their products. 
Coin Model and its Extension
Hereafter, we consider cylinders and n-prisms. We standardize that each cylinder has radius 1, and each n-prism is inscribed in a circle of radius 1. 
). Let t be the thickness of a coin (of radius 1). Then the coin stands on edge with the probability
We aim at designing of a fair die with n faces. To achieve this goal, we consider the case that the probability P D (t) = n−2 n . Solving this equation, we have the following corollary.
Corollary 2. In Theorem 1, we let P D (t) = n−2 n and solve this equation for t(n). Then we have the following:
For n = 3, 4, . . . , 13, we can obtain Table 1 .
Cylinder as a Fair Die of 13 Faces
To check the (in)validness of the dynamic model, as an example, we consider the extreme case n = 13, which is assumed to be used as a kind of a fair die with 13 faces. First, we consider a cylinder that stands on two circular faces with probability 2/13 = 0.154, and that lays on its side with probability 11/13. In Table 1 , the dynamic model tells us to make a cylinder of height 4.057 for radius 1. Therefore, we made many cylinders of radius 10mm of various heights and tossed them 100 times for each ( Figure 5 ). The experimental results are summarized in Table 2: The experiments above were done with the following condition: they were tossed from a dish from height 80cm on a carpet. We also made experiments of different heights (20cm/40cm/80cm) and different floors (carpet/wooden desk), but the behavior is not changed. 
Design of a Fair Die of 13 Faces based on Cylinder Model
For any integer n ≥ 3, let P n be a regular n-gon. We also let C n and c n be the outscribed circle and the inscribed circle to P n , respectively. Without loss of generality, we suppose that C n is a circle of radius 1. That is, all C n s are congruent with a circle C of radius 1. Then the radius r n of c n can be computed by cos π n . For given P n and height h, we denote by P r HT (P n , h) the probability that the n-prism of height h stands on its two faces of regular n-gon when it is tossed. For the circles C and c n , the probabilities P r HT (C, h) and P r HT (c n , h) are defined in the same manner. Then we conjecture the following:
P r HT (c n , h) < P r HT (P n , h) < P r HT (C, h).
For n = 3, 4, 5, 11, we made several experiments, and Conjecture 3 follows that. We also confirmed that n > 4, the dynamic model does not fit to experiments.
Based on Conjecture 3, we designed a fair die of 13 faces by a regular 11-prism. In this case, r 11 = 0.9595 for the inscribed circle to P 11 . We first tossed several 11-prisms and cylinders 500 times as in Table 3 .
By fitting a linear function t(h) = ah+b, where the number of heads/tails t(h) out of 500 tosses for height h, we obtain a = −5.30909 and b = 188.473
for the cylinders and a = −7.12121 and b = 221.17 for the 11-prisms. Then we can observe that Conjecture 3 holds for n = 11: When we let the probability to be 2/13, the corresponding heights of the cylinder of radius r 11 = 0.9595, the 11-prism, and the cylinder of radius 1 are 20.160, 20.255, and 21.011, respectively. These results support Conjecture 3, and we conclude that the fair die of 13 faces based on the 11-prism is of height 20.3mm, which is between 20.2mm and 21.0mm.
Conclusions
In this paper, we classify and propose two models for designing a fair die. However, there are some dice on the market which cannot be handled in this framework. The dice in Figure 6 are deformed, but still fair. Their faces are symmetric, and they are market products as fair dice. We do not yet classify how can we decide they are symmetric enough to be fair. The other dice in Figure 7 are deformed and unfair. The left die is totally deformed, and the right die is rectangular. Especially, analyze and describe the probability of each face of the rectangular die of size a × b × c seems to be an interesting topic.
The other topic that we did not investigate in this paper is that the arrangement of n numbers on a fair die of n faces. The ordinary cubic die satisfies that summation of two opposite faces makes 7, and hence there are two different cubic dice such that they are mirror symmetry with each other. General die of n faces for large n, there are many ways to arrange these pairs (i, n − i + 1). The balanced arrangement problem is investigated in [8] . Making a fair die by caving or/and drilling many holes on the surface, such balanced arrangements are another problem to be considered.
